I present a nonlinear differential equation model for the spectrum of Kelvin waves on a thin vortex filament. This model preserves the original scaling of the six-wave kinetic equation, its direct and inverse cascade solutions, as well as the thermodynamic equilibrium spectra.
1 Kelvulence: cascades and spectra.
Kelvin waves propagating on a thin vortex filament were proposed by Svistunov to be a vehicle for the turbulent cascades in superfluids near zero temperature [1] . Presently it is a widely accepted view well supported by the theory and numerical simulations, see e.g. [2, [5] [6] [7] [8] . I will reffer to the state characterised by random nonlinearly interacting Kelvin waves as "Kelvulence" (i.e. Kelvin turbulence). Recently, Kozik and Svistunov [6] used the weak turbulence approach to Kelvulence and derived a six-wave kinetic equation (KE) for the spectrum of weakly nonlinear Kelvin waves. Based on KE, they derived a spectrum of waveaction that corresponds to the constant Kolmogorov-like cascade of energy from small to large wavenumbers,
Because the number of waves in the leading resonant process is even (i.e. 6), KE conserves not only the total energy but also the total waveaction of the system. The systems with two positive conserved quantities are known in turbulence to possess a dual cascade behavior. For the Kelvin waves, besides the direct energy cascade there also exists an inverse cascade of waveaction, the spectrum for which was recently found by Lebedev [9] ,
Interestingly, such −3 spectrum was suggested before by Vinen based on a totally different argument involving the energy feeding via vortex-line self-crossings [2] . It was recently reported to be observed in numerics by Vinen, Tsubota and Mitani [7] , where it was argued that the −3 exponent arises when the vortex line bending angle becomes of order one. Presumably, larger angles would be removed by rapid reconnections. Kozik and Svistunov [8] later reported a result obtained with a refined numerical method which gave a spectrum closer to the −17/5 shape. It would be natural to think that the inverse cascade spectrum is more relevant if the main source of the Kelvin waves comes from the vortex line reconnections. Indeed, such reconnections generate the smalest scales on the vortex filament and the only room that is left is for the inverse cascade toward the larger scales. However, Svistunov argued [1] that a quick self-similar nonlinear evolution following the reconnection and preceeding Kelvulence results in most energy being concentrated at the largest scales. If this is so, the direct cascade could be more relevant. Adding to confusion, we note that there are yet other mechanisms leading to the −3 shape: a reconnection cascade of vortex loops [3] and a Phillips-like spectrum assuming angle discontinuities resulting from reconnections [4] . However, these mechanisms are strongly nonlinear, and so is the Vinen mechanism, whereas in this paper we will concentrate on weak Kelvulence only.
Differential equation model
Differential equation models proved to be very useful for analysis in both weak turbulence [10] [11] [12] and strong turbulence [14] [15] [16] . These equations are constructed in such a way that they preserve the main scalings of the original closure (KE in the case of weak turbulence), in particular, its nonlinearity degree with respect to the spectrum and its cascade and thermodynamic solutions. For the Kelvin wave spectrum these requirements yield,ṅ = C κ 10 ω 1/2 ∂ 2 ∂ω 2 n 6 ω 21/2 ∂ 2 ∂ω 2 1 n ,
where κ is the vortex line circulation, C is a dimensionless constant and ω = ω(k) = κ 4π k 2 is the Kelvin wave frequency (here, we ignore logarithmic factors). This equation preserves the energy E = ω 1/2 n dω (4) and the waveaction N = ω −1/2 n dω.
It is an easy calculation to check that equation (3) has both the direct cascade solution (1) and the inverse cascade solution (2) . It also has the same thermodynamic Rayleigh-Jeans solutions as the original KE,
where T and µ are constants having a meaning of temperature and the chemical potential respectively.
3 Outlook.
The usefulness of the differential models is in their simplicity with respect to the original closures and, therefore, in possibility of a more detailed analysis. For example, in [15] the differential model for Navier-Stokes turbulence (Leith model) was used to predict mixed cascade-thermodynamic states ("warm" cascades) and to examnine the non-stationary propagation of the turbulent front. In [16] , the differential (Kovazhny) model was used for a superfluid with a friction term added to include the effect of the normal fluid. This allowed to predict a transition between two different scalings in such systems (-5/3 and -3 spectra). In [12] , a differential model was used for the surface water waves with a modification to add the finite-basin effect. This allowed to describe the bursty dynamics of the energy cascade for such waves, similar to sandpile avalanches. Similarly, the differential equation model presented in this paper can be further used to study the unsteady spectrum dynamics and the turbulent front propagation, the more general "warm cascade" steady states and more complicated systems, e.g. by including a term modeling the sound radiation.
